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ABSTRACT While a monodisperse size distribution is common within one kind of spherical virus, the size of viral shells varies
from one type of virus to another. In this article, we investigate the physical mechanisms underlying the size selection among
spherical viruses. In particular, we study the effect of genome length and genome and protein concentrations on the size of
spherical viral capsids in the absence of spontaneous curvature and bending energy. We ﬁnd that the coat proteins could
well adjust the size of the shell to the size of their genome, which in turn depends on the number of charges on it. Furthermore,
we ﬁnd that different stoichiometric mixtures of proteins and genome can produce virus particles of various sizes, consistent with
in vitro experiments.INTRODUCTION
All viruses, from the simplest to the most complicated, are
constituted of a protein shell known as the capsid that en-
closes the genetic material or genome of the virus. The viral
genome is either DNA or RNA, which can be in single, par-
tial double, or complete double strand form (1). A capsid is
built up of a large number of copies of either one kind of pro-
tein subunit or of a small number of similar ones. Under
physiological conditions, the coat proteins of many single-
stranded (ss) RNA viruses carry ~6–14 positive charges on
a sequence that faces the interior of the capsid (2–5). These
positive charges are often located on the amino terminal end
of the coat proteins, although sometimes this RNA binding
domain or motif is on the C-terminal end. Since in the
absence of genome, capsids typically do not form, it is gen-
erally accepted that the interaction between the positively
charged RNA binding domain and the negatively charged
RNA drives the capsid assembly under physiological condi-
tions (6). Approximately half a century ago, Bancroft (7),
Bancroft et al. (8,9), Hiebert et al. (10), and Verduin and
Bancroft (12) conducted a series of pioneering in vitro
experiments, in which they showed that under appropriate
solution conditions the protein subunits of many simple
RNA viruses readily encapsulate not only their own RNA
but also heterologous and nonviral RNAs as well as linear
polyanions such as poly(vinyl sulfonate). These experiments
confirm that interactions between the positively charged
capsid protein subunits and the negatively charged genome
are largely nonspecific, that they are electrostatic in origin,
and that they constitute the main driving force for virus
assembly.
The spontaneous incorporation of genome in the capsid
seems to be the distinguishable feature of self-assembly of
single-stranded RNA viruses and gives rise to a number of
important physical questions. Is there a relation between
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What regulates the number of genome molecules that are
incorporated? What precisely is the role of the electrostatic
interactions in the self-assembly? Does the stoichiometry
or ratio of the protein and genome concentrations have any
impact on the size of the spherical viral shells that form in
the solution? A number of important questions related to
virus structure and stability have recently been addressed
theoretically (2,13–20). Many questions remain open, how-
ever—in particular, those relating to size selection and the
role of genome therein.
The focus of this article is on small spherical ss-RNA
viruses whose capsids adopt structures with icosahedral sym-
metry. The number of proteins constituting icosahedral
shells equals q¼ 60  T, i.e., 60 times the T number, a struc-
tural index of viral capsids. It adopts certain integer
(‘‘magic’’) values 1, 3, 4, 7, 9, 12, and so on, because icosa-
hedral symmetry demands that T ¼ h2 þ k2 þ hk, with h and
k equal to nonnegative integers (21). Recently, it has been
shown that the appearance of both icosahedral symmetry
and the T-number organization is plausibly a direct
consequence of free energy minimization of a very generic
interaction that captures the crucial elements of capsid self-
assembly: the attraction required for the aggregation and
the excluded-volume repulsion due to subunit conforma-
tional rigidity (14,22). Still, the mechanism of the selection
of one specific capsid size from many possibilities is not
very well understood.
The recent model calculations of Zandi et al. (14) indicate
that while the energy per protein subunit of the T-structure
shells is indeed the lowest among all the other spherical shell
types, this energy is almost the same for the smaller icosahe-
dral structures of T¼ 3, 4, 7, at least in the absence of a strong
bending energy and/or a preferred spontaneous curvature.
Hence, one would expect that other factors such as the length
of genome and/or stoichiometric ratios could provide an an-
swer to the question as to how a virus selects its size, i.e.,
how it chooses one of the T numbers from all the allowed
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a correlation between genome length and the size of the cap-
sid, as in fact between the total number of positive charges on
the RNA binding domains of a capsid and that on the native
genome (2).
We note in this context that the genome of T ¼ 1 viruses
typically consists of fewer nucleotides than that of T ¼ 3
viruses and should therefore also have a smaller physical ex-
tent in free solution. For example, satellite tobacco necrosis
virus (STNV) is a T ¼ 1 icosahedral virus with a diameter of
18.4 nm. Its genome consists of as few as 1239 nucleotides
(23). Cowpea chlorotic mottle virus (CCMV), on the other
hand, is a larger T ¼ 3 icosahedral virus with a diameter of
27.8 nm. The genome of CCMV consists of four RNA mol-
ecules. Genomes 1 and 2 are each encapsidated separately,
whereas genomes 3 and 4 are packaged together in yet
another capsid. RNAs 1, 2, 3, and 4 have 3171, 2774,
2173, and 824 nucleotides, indicating that the total length
of encapsidated genome is more or less the same in each cap-
sid. These three types of CCMV capsids are virtually indis-
tinguishable in terms of size and structure, and consist of q¼
180 copies of the same capsid protein (1,3,5).
Due to the secondary and tertiary structures, not just the
length but also the physical, three-dimensional size of
RNA is important for virus assembly. For instance, recent
experiments on brome mosaic virus (BMV) show that the al-
teration of gene order in viral RNA can seriously compro-
mise encapsulation (4,5). While it seems plausible that
gene order and nucleotide sequence should impact the size
of the RNA in solution, no theory has yet been advanced
that predicts the shape or even the radius of gyration of a
realistic viral RNA molecule as a function of the length
and/or nucleotide sequence. RNA molecules with identical
molecular weight but different sequences could well have
very different sizes (24), because their secondary and hence
tertiary structures are a function of the primary structure.
We are not aware of any experiments that shed light on
the size and structure of viral RNA as a function of the mo-
lecular weight or length. (There is size information on much
shorter tRNA structures (15) and on the size of the RNA of
tobacco mosaic virus (TMV), a cylindrical virus (25)). The
only relevant experimental data we are aware of are recent
measurements of the radius of gyration in free solution of
RNA 2 of CCMV. By means of radiation scattering,
Gopal et al. discovered that the radius of gyration of RNA
2 must be ~40% larger than the inner radius of the capsid
shell (A. Gopal, C. Knobler, and W. M. Gelbart, unpub-
lished).
As is well established, due to the possibility of a multi-
tude of complementary pairing arrangements of the bases,
a single-stranded RNA chain can adopt many different sec-
ondary structures with energies that are within a few kBTs
from each other (27). Recent studies in fact indicate that vi-
ral ss-RNAs must have a secondary structure quite different
from those of random RNAs or ribosomal RNAs, because
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by as much as one-third (28). This might lead to a much
more compact structure for viral RNAs than others, and
may well be due to evolutionary pressures preventing en-
capsulation of nonviral RNAs. This is, of course, one of
the open questions: why in vivo a virus predominantly en-
capsulates its own RNA in favor of other RNAs present in
the cytosol.
Because so much more is known about the properties of
synthetic polymers, encapsidation studies in which RNA is
replaced by a polyanion or a charged colloid are definitely
helpful in addressing some of the issues in hand. For in-
stance, to explore the relation between the capsid diameter
and the size of its cargo, Sun et al. (29) studied the packaging
of functionalized gold nanoparticles by BMV capsid pro-
teins, and found that the size of formed capsids increased
from T ¼ 1 to T ¼ 3 via pseudo T ¼ 2 structures with
increasing size of the gold cargos. More recently, Hu et al.
(30) investigated the encapsidation of poly(styrene sulfo-
nate) or PSS in solutions containing CCMV coat proteins
for molecular weights ranging from 400 kDa to 3.4 MDa. In-
terestingly, they found that the capsid size jumps from 22 nm
(corresponding to a pseudo-icosahedral T ¼ 2 capsid) for
PSS of a molecular weight of 1 MDa or below it, to 27 nm
(corresponding to a T ¼ 3 capsid) for molecular weights of
2 MDa and higher. No data are available in the crossover
region.
It is important to point out that several experiments
(29,30,31) indicate that even if CCMV and BMV capsid pro-
teins prefer to meet at a certain angle (i.e., have a preferred
curvature or size), the deviation from this preferred curvature
cannot be costly enough to prevent the capsids of CCMV and
BMV from forming other T numbers in addition to the native
T ¼ 3. We also note here that more recent experiments by
Dragnea (B. Dragnea, unpublished) show that BMV capsid
proteins are not able to form T ¼ 4 or larger capsids even
though the cargo inside is sufficiently large for this purpose
(B. Dragnea, private communication, 2008). This could indi-
cate that the coat proteins of BMV are less flexible than those
of CCMV, and that the final size of BMV capsids can deviate
only to certain extent from the one dictated by the spontane-
ous curvature of the coat proteins. Nevertheless, if somehow
one increases the strength of interaction between BMV coat
proteins and its cargo (for example by changing the cargo),
it might be possible to obtain larger BMV capsids by over-
coming the energy cost of the deviation from the preferred
curvature.
In addition to the aforementioned studies on the effect of
cargo size on the capsid diameter, the influence of stoichiom-
etry on the encapsidation of low molecular weight PSS by
CCMV coat protein has recently been studied by Sikkema
et al. (33). Following up on the early experiments of Verduin
and Bancroft (12), they investigated a change in capsid size
as they increased the ratio of the PSS to coat protein concen-
trations. Remarkably, at constant coat protein concentration,
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particles whereas at higher ratios only T¼ 1 particles formed
in solution. A similar trend of decreasing capsid size with in-
creasing stoichiometric ratio was in fact found by Verduin
and Bancroft (12), using ss-RNA from the rodlike TMV
and coat proteins from different spherical bromoviruses.
CCMV proteins, for instance, encapsidate TMV RNAs in vi-
ral particles of decreasing size from T¼ 7 to T¼ 4 for RNA-
protein concentration ratio changing from 1:10 to 1:6 (12).
To investigate how the effect of genome size as well as
protein and RNA concentrations impact the size of icosahe-
dral viral shells, we apply a Flory theory to estimate the free
energy gain of encapsulation and a mass action model to cal-
culate the balance between assembled and disassembled
states. In the Flory theory, we presume the interactions be-
tween the coat proteins and the genome, and between the
parts of the genome, to be predominantly of the screened
Coulomb-type. The focus of this article is on those viruses
that are able to encapsidate heterologous RNAs as well as
synthetic polyelectrolytes. Thus, for our genome models
we use both linear and randomly branched chains. We find
that for both branched and linear polymers, the optimal
size of capsid is set by the size of the genome, which in
turn depends on its length and charge density.
With our simple scaling theory, we not only can reproduce
the results of the more elaborate calculations preformed for
linear chains in the literature (19,30), we are also able to in-
vestigate the case of branched polymers, which have not
been studied in detail yet, with more sophisticated methods
(34). We note that the scaling theories have already been ap-
plied to study the conformations of semiflexible chains in
elastic tubes by Brochard-Wyart et al. and valuable results
were obtained (35). In addition to genome size, we investi-
gate the effect of the stoichiometric ratio of the protein and
genome concentrations on the optimal size of the capsid
and find that at high concentrations of genome the coat pro-
teins form smaller capsids consistent with the experiments
performed in the literature (12,33).
One of the main assumptions of our study is that the solu-
tion of capsid proteins and genome is in equilibrium. A re-
cent analysis by Zlotnick indeed reveals that the assembly
of a considerable number of viruses follows a reversible
path, confirming our assumption of equilibrium here (see
(36) and references cited therein). It is also shown in Zlotnick
(36) that even if the last step of capsid formation is irrevers-
ible, the concentration of individual subunits and capsids still
approximately follow the law of mass action at the time-
scales relevant to the assembly experiments, and therefore
this kind of irreversibility does not change the main conclu-
sions of this article.
The outline of the article is as follows. In Genome Encap-
sulation, we present our scaling equations for the capsid-ge-
nome and genome-genome interactions, and show that the
free energy of the system goes through a minimum determin-
ing the optimal size of the capsid. In Role of Stoichiometry,we investigate the dependencies of the optimum size of cap-
sid on the stoichiometry ratio of the protein to genome con-
centrations. In Conclusion, we discuss our findings and their
implications, and summarize.
GENOME ENCAPSULATION
Polymer molecules in confined spaces are found in a wide
variety of physical, chemical, and biological contexts, and
many aspects have been studied over the last half century
(37). What seems unique about viral encapsidation of poly-
mers is the presence of an additional degree of freedom,
the flexibility of viral coat proteins in forming discretely
sized shells. The other interesting aspect is that ss-RNAs
are a special kind of polyelectrolyte because of their second-
ary and tertiary structures that are not necessarily fixed but
might adapt to the conditions that they find themselves in,
i.e., they may represent annealed polymeric structures (27,38).
It seems likely that small ss-RNAs are indeed annealed
structures in free solution but it is not certain whether this
is still true for viral ss-RNAs because they are quite large
even for the low T-number viruses. There are indications
that series of local stem-loop structures that likely form dur-
ing the process of replication of RNA are in fact quite long
lived, even if they do not actually represent the minimum
free energy configurations (39). Inside the virus capsid, the
RNA has presumably undergone a considerable restructuring
that includes a significant amount of duplexing, but stem-
loop structures that interact with the binding domains still re-
main important. Here we first focus on the experiments of
Hu et al. (30) and take a linear polyelectrolyte as our model
for the genome. We will then evaluate the effects of random
branching on the genome in the subsequence section.
Linear chain
We use a Flory type mean-field theory to calculate the free
energy of n linear polymers of M segments each enclosed
in a spherical shell of radius R (see Fig. 1). This free energy
is the sum of an elastic compression of the chain inside the
shell, a self-interaction accounting for self-avoidance and
the interaction energy of the chain with the inner wall of
the capsid. If because of the interaction with the wall the
polymer is confined to a region of thickness a % D % R,
and if the segment distribution is more or less uniform in
this region, the free energy DFn of the n chains must obey
the general form (37,40)
bDFn ¼ c1nMa
2
D2
þ c2yn
2M2
R2D
 c3gnMb
D
 Bn (1)
in units of thermal energy kBT ¼ b1. Here, c1, c2, and c3 are
numerical constants, a the effective Kuhn length of the chains,
y the mutually excluded volume of the Kuhn segments, and g
the strength of the attraction between a polymer segment and
the capsid wall if it is within a range b (b << D% R) of that
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charged, b would be of the order of the Debye screening
length (19). For some viruses such as CCMV this is not an
accurate representation of the state of affairs, not least since
most (but not all) of the positive charges reside on the disor-
dered RNA binding domain that penetrates the inner cavity
(2). Therefore, the quantity b should be seen as some effec-
tive interaction length and by the same token g is an effective
interaction strength.
The third term in Eq. 1 represents the attraction between
the wall and the chain only if the interaction is highly
screened. Indeed, as noted in the introduction, the experi-
ments of Hu et al. (30) revealed that linear polymers as
long as 4900 monomers (1 MDa) and 16,500 monomers
(3.4 MDa) were encapsidated in T ¼ 2 and T ¼ 3 structures,
respectively. We note that the total number of positive
charges on a T ¼ 3 structure is ~1800 while for a T ¼ 2
one is ~1200. Assuming that each monomer is charged and
given the number of monomers per capsid, we conclude
there must be a considerable overcharging happening. The
fact that 1 MDa polymers choose T ¼ 2 structures over
T ¼ 3 ones, and that 3.4 MDa polymers are enclosed in
T ¼ 3 structures, proves that the Coulomb interaction be-
tween CCMV capsid proteins and PSS must be highly
screened, justifying our assumption for the form of the inter-
action.
Finally, the last term in Eq. 1 represents a reference free
energy of n free chains in solution, where the quantity B is
free energy of a single free chain and hence does not depend
on R and D. We ignore this term because within a Flory
theory it scales as (ya3)2/5M1/5 and should therefore be
FIGURE 1 Schematic view of a polymeric molecule inside a capsid. D
indicates the thickness of the adsorbed layer, R the radius of the capsid.
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tension between the adsorbed polymer layer and the core of
the capsid devoid of polymer segments, which is reasonable
if the density in the adsorption layer is not very high (40).
It is possible, at least in principle, to extract functional de-
pendencies on, e.g., the ionic strength of the parameters y, g,
a, and b from the various polyelectrolyte theories. A simple
estimate of these quantities based on Debye-Hu¨ckel approx-
imation is given in van der Schoot and Bruinsma (19). We
postpone a detailed description of theses parameters to the
end of the next section and first analyze the predictions of
the model as it stands. Order of magnitude estimates are
the excluded volume yz 1 nm3, the strength of the attractive
interaction between a polymer segment and the capsid wall
g z 1, the effective Kuhn length of the genome a z 1
nm and the range of interaction bz 1 nm, at least near phys-
iological conditions (19).
If we minimize Eq. 1 with respect to the adsorption layer
thickness D, we obtain
a
D
¼

c3
2c1

gb
a


c2
2c1

ynM
aR2
; (2)
provided that a% D% R or gR c2y nM/c3bR
2. Estimates
for the numerical constants are c1z p
2 (41) from a ground-
state calculation for an ideal chain in a spherical annulus, and
1/4p ) c2 ) 3/4p and 1/4p ) c3 ) 3/4p from simple
geometry. Because of the approximate nature of the theory
we shall not use these estimates here and calculate all the
relevant quantities as a function of these parameters. If we in-
sert Eq. 2 into Eq. 1, we get for the free energy of encapsu-
lation
bDFn ¼ c1Mn
a
D
2
; (3)
again provided D% R. Interestingly, Eq. 3 suggests that the
optimal thickness sets itself such that the overall free energy
gain of encapsulation becomes exactly equal to the free
energy loss due to elastic compression.
The question arises as to what the optimal number of
chains n* absorbed by the capsid is in case it has a fixed
radius R. If we optimize the free energy with respect to n
for fixed M, we find
nM ¼

c3
3c2

gbR2
y
; (4)
implying that the optimal number of segments n*M encapsu-
lated is an invariant of the molecular weight of the polymer.
The reason for this behavior is the subdominant contribution
from the reference state, the last term in Eq. 1, for long
enough chains. It is straightforward to verify that the refer-
ence state increases the optimal number of encapsidated
chains by a relative amount of ~M4/5. Interestingly, the re-
cent measurements by Ren et al. on the encapsulation of
poly(styrene sulfonic acid) by the coat protein of hibiscus
Size Regulation of ss-RNA Viruses 13chlorotic ringspot virus HCRV are consistent with our results
(42). They found within the experimental error that the load-
ing efficiency was constant for molecular weights of 13, 75,
200, and 990 kDa. The number of encapsidated polymers
dropped from ~100 to 1 on increasing the molecular weight
over that range. It also agrees with the variation of the num-
ber of RNAs in the different CCMV particles discussed in
the Introduction. Note that if n* is not an integer, for example
if n* < 1 and the capsid size R is determined by the properties
of the proteins in hand, we expect a suboptimal number of
chains n* ¼ 1 to be encapsulated.
If the protein subunits can form capsids of different sizes,
in other words, if R could vary freely, then an interesting
question is what the optimal size of the capsid is, given
that a fixed amount of polymeric material nM is encapsu-
lated. It is important to note that in this context encapsidation
sets in if the chemical potential of the solution of free protein
subunits and genome exceeds that of bound proteins and
genome in a filled capsid. If the capsid consists of q protein
subunits, to obtain the free energy per protein subunit
associated with the protein-genome interaction fnhDFn=q,
we assume that the area of each subunit is equal to pr0
2 h
4pR2/q, and thus we find fn ¼ r20DFn=4R2 (30).
After optimizing fn, we obtain for the optimal radius
R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3c2
c3

nMy
gb
s
; (5)
which is consistent with the previous result obtained by
optimizing the number of encapsulated chains at fixed radius.
According to Eq. 5, the optimal capsid radius increases with
increasing genome length. As noted in the Introduction, the
simulations of Zandi et al. (14) reveal that proteins in icosa-
hedral structures have quite similar binding energies, at least
if the proteins do not possess a strong intrinsic preference of
a radius of curvature or T number. This implies that any
additional size-determining mechanisms need only to provide
a fairly weak dependence on the radius R to produce a nearly
monodisperse solution of one T number in favor of the others.
We illustrate the importance of the genome length M on
optimal capsid size in Fig. 2, where we plot the scaled free
energy per capsid protein, fn/jf*nj, as a function of R where
f*n is the free energy at the optimal radius. The degree of po-
lymerization of the dashed curve is 1.6 times that of the solid
curve. All the other physical parameters for both curves are
the same and are chosen such that for the shorter chain the
free energy goes through a minimum at ~R ¼ 17 nm while
for the longer one this happens at ~22 nm. The radius of
a T ¼ 4 virus is almost equal to RT¼4 ¼ 16 nm while that
of a T ¼ 7 structure is RT¼7 ¼ 21 nm. Although the interac-
tions between the coat proteins in a T ¼ 7 capsid have been
predicted to be stronger than those in a T ¼ 4 structure (14),
the energy associated with the protein-genome interaction
such as the one presented in Fig. 2 for the case of the shorter
genome can easily bring the energy of a T ¼ 4 structuresignificantly below that of a T ¼ 7 structure. This would
explain the effect of genome size in determining the size
of a capsid, if coat proteins are flexible to form different T
structures, such as CCMV. Note that if the strength of pro-
tein-genome interaction is very high, nonicosahedral capsids
may in fact also form (14).
Randomly branched chain
Because of basepairing or duplexing, an RNA molecule has
secondary structures and behaves differently from a linear
chain. This implies that, e.g., the excluded volume y and the
interaction energy g with the capsid wall is not only different
from that of a linear chain but in fact should depend on the
kind of RNA under consideration. As noted previously, there
is no accurate theory available that even addresses the relation
between the viral RNA size and shape on the one hand and the
nucleotide length and/or sequence on the other. A complete
theory of the more complicated issue of the adsorption of a
single-stranded RNA to an oppositely charged wall with or
without explicit model for the binding domain seems very
remote indeed. Even if the important issue of electrostatics
is ignored, the theoretical problem is quite formidable (34).
A crude way to account for the complex structure of the
RNA is to treat it as a randomly branched chain. We need
then only replace the first, elastic term in Eq. 1 by c4nMa
4/D4
(37,40,43,44), with c4 a numerical constant. (See also the
scaling argument in the Appendix.) If we follow the same
procedure as we did for the linear chain, we finda
D
3
¼

c3
4c4

gb
a


c2
4c4

ynM
aR2
; (6)
which implies that
D
a
3
branched
z

D
a

linear
(7)
FIGURE 2 Free energy per protein subunit fn scaled to its minimum value
jf*nj versus the capsid radius R in nanometers. The values of the combination
of parameters (nMn/gb) for the corresponding optimal radius, Eq. 5, were
chosen such as to obtain the radii corresponding to typical T ¼ 4 and T ¼ 7
viruses. We set the molecular weight corresponding to the dashed curve for
the T¼ 4 structure 1.6 times higher than that of the solid curve for the T¼ 7
structure, while keeping all the other parameters constant.
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chains of the same number of segments the same. (If
c1 ¼ 2c4 the approximate relation will be exact within the
model.) Note that since D/a >> 1 the adsorbed layer thick-
ness is much reduced if the same chain is branched instead
of linear.
Cryo-TEM studies of RNA viruses, indeed, report that
RNA is uniformly distributed inside the capsid (6), except
for a region in the center devoid of RNA (2,3,5,46). Quite in-
terestingly, the experiments of Hu et al. (30) show that if the
RNA2 of CCMV is replaced by PSS of equal or larger num-
ber of monomers than the number of nucleotides in RNA2,
the size of the polymer-free region in the middle of the capsid
becomes smaller than that observed for capsids filled with
RNA2, in agreement with our conclusion.
For the randomly branched chain model the optimal free
energy becomes
bDFn ¼ 3c4Mn
a
D
4
; (8)
which is different from what we obtained for linear chains, so
branching has a large impact on the free energy of encapsu-
lation. Remarkably, however, the optimal number of encap-
sulated chains n* given at a fixed capsid radius R turns out to
be identical to what we found for the linear chain,
nM ¼

3c3
7c2

gbR2
y
; (9)
apart from a factor of 9/7z 1.3, implying that according to
the model branching very slightly increases the optimal load-
ing. This is of course only true if all physical parameters g
(the strength of the interaction), b (the range of the interac-
tion), R (the radius of the capsid) and y (the excluded volume
interaction of the chains) are the same in both cases. Here, we
again dropped the last term in the free energy Eq. 1 stemming
from the reference state, because for branched chains B
scales as (ya3)2/5M1/2 giving a relative correction of
~M1/2 to the optimal number of encapsulated chains.
Note that we find the optimal capsid radius at fixed load-
ing must be larger for a linear chain by a factor
ﬃﬃﬃﬃﬃﬃﬃ
9=7
p
. This is
a rather expected result because the radius of gyration of an
branched polymer is smaller than that of an linear chain of
equal degree of polymerization.
Even if the loading of the capsid is fixed for instance be-
cause the molecular weight M is large enough so that at most
one chain finds itself absorbed in the capsid, the free energy
difference between linear and randomly branched chains is
quite large. In fact, for fixed nM we find
DFbranchedn
DFlinearn
z

3c4
c1

D
a
2=3
linear
: (10)
Because for linear chains D/a >> 1, we deduce that ran-
dom branching enhances the encapsidation of a polymer.
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chain is inherently denser than a linear chain, leading to an
enhanced interaction with the inner surface of the capsid.
This could explain the observation mentioned in the Intro-
duction that changing the gene order in a viral RNA can
be enough to suppress encapsidation: a change in the se-
quence of nucleic acids can significantly modify the degree
of branching, which in turn has as a strong impact on the
free energy and therefore on the critical concentration of
encapsulation that we will discuss in more detail in the fol-
lowing section. We note that within our simple Flory theory,
Eq. 10 can be generalized straightforwardly (45) to any pair
of differently branched polymers (43,44), and our conclusion
is not restricted to the two extremes, i.e., linear and random
branching, which we focus on in this work.
Model versus physical parameters
At the end of this section, we seek to connect the model
parameters a (Kuhn length of the genome), g (strength of the
interaction between genome and coat protein), b (the range
of this interaction), and y (the excluded volume of segments
of the genome) to the physical properties of the polyelectro-
lyte chains and the capsid proteins. These parameters are
dominated by the effects of Coulomb interactions between
the various species. Several studies have addressed the im-
pact of electrostatics on the assembly of empty (17,20) and
filled capsids (19) albeit at the level of the linearized Pois-
son-Boltzmann theory applied to idealized polyelectrolytes
and idealized viral capsids. The issue remains quite conten-
tious, however, because both RNA and viral capsids are in
fact highly charged objects (47). Our goal is, here, to com-
pare our Flory theory with the earlier, more detailed descrip-
tions. Even if the linearized theory turns out inaccurate to
describe viral assembly, the Flory theory should still hold.
Let a be the effective number of charges per monomer
length of the polyelectrolyte chain. Within a Debye-Hu¨ckel
approximation, we have for the excluded volume y z y0
þ 4pa2lBlD2 where under good-solvent conditions y0 z
4pa0
3/3 is the bare, hard-core excluded volume of a segment
of Kuhn length a0 (48), and lBz 0.7 nm the Bjerrum length
and lDz0:3=
ﬃﬃﬃﬃ
cS
p
nm the Debye screening length if the
(monovalent) salt concentration is cS M, and the solution
at room temperature. If we model the inner capsid wall as
a smooth surface with a uniform charge distribution, and
let s denote the number of positive charges per unit area,
we have at the same level of approximation the range of in-
teraction between wall and genome bz lD and a strength of
interaction g z 4psalBlD, if lD << R and the concentra-
tion of salt is not very low. (For a detailed discussion, see
(19).) One key assumption here is that only segments that
are within a Debye length of the wall actually interact with it.
Finally, the effective segment length a depends on the
concentration of salt too. This remains a highly controversial
and unresolved issue even for linear chains let alone
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(49), and Skolnick and Fixman (50), a z a0 þ a2lBlD2/
2a0
2 with a0 again the bare step length of the chain (half
the bare persistence length), originally derived for semiflex-
ible (persistent) chains (37). For highly charged polymers we
expect az lB/a0 because of counterion condensation (48).
If we insert these estimates in Eq. 4 and absorb all numer-
ical prefactors into a constant of proportionality c5, we get
nM ¼ c5 QalBl
2
D
y0 þ 4pa2lBl2D
; (11)
with Q ¼ 4pR2s the total number of charges on the binding
domains of the capsid. Two regimes emerge.
1. If y0  4pa2lBl2D then Eq. 11 reduces to n*Mz Q/a if
we drop the constant of proportionality. This implies that
the optimal number of polymers in a capsid does not de-
pend on the salt concentration. This result is consistent
with previous more elaborate calculations (2,19). The de-
gree of branching potentially affects only the constant
of proportionality, not the scaling with the number of
charges Q on the capsid. A linear relationship between
the M and Q has indeed been found for a whole range
of viruses for which n* ¼ 1 (2).
2. If y0[4pa
2lBl
2
D, Eq. 11 simplifies to n*Mz QalBlD
2/
y0. To account for solvent quality we may put y0z a0
3t,
where t h (T – Tq)/Tq is a relative temperature scale
with Tq the so-called Flory temperature (37,40). In this re-
gime, the absorbed amount depends not only on the sol-
vent quality but also on the concentration of salt through
the Debye length lD. This implies that less material is en-
capsulated the higher the concentration of added salt. If we
reduce the solvent quality, y0 decreases and hence, accord-
ing to Eq. 11, n*M increases to the maximal value of Q/a.
We emphasize that even though n* depends only weakly on
the chain architecture, the free energy of binding depends
very strongly on it. Indeed, according to our studies, if given
a choice, the capsid proteins would thermodynamically favor
encapsulating a branched chain for any given degree of po-
lymerization if all the other parameters, i.e., the quantities
a, v, b, and g in Eqs. 3 and 8, are the same.
ROLE OF STOICHIOMETRY
After analyzing the role of genome size in determining the
size of viral capsid, we focus on how the stoichiometric ratio
of the concentrations of protein and cargo molecules, i.e.,
real or ersatz genome, influences the size selection. For sim-
plicity we shall restrict ourselves to dealing with the compe-
tition between structures corresponding to two neighboring T
numbers. We assume that the solution is dilute and consists
of free cargo molecules, single protein subunits, and fully
formed viral particles with two different T numbers. Because
partially formed capsids are stable only in extremely smallamounts, we ignore them altogether (51,52). We also ignore
empty capsids, as typically these do not tend to form under
near-neutral pH conditions. Hence, each of the viruslike par-
ticles is presumed to contain one or more negatively charged
cargo molecules that we do not describe in detail. We also do
not specify the kind of protein building blocks: depending on
the species of virus they may be monomers, dimers or even
pentamers or hexamers of the actual coat proteins (6).
Mass action equations
Within a mean-field approximation, the Helmholtz free en-
ergy of our model system can be written as (53)
bF ¼ Ng ln rgu Ng þ Np ln rpu Np
þ Nq1 ln rq1u Nq1 þ bDfq1q1Nq1
þ Nq2 ln rq2u Nq2 þ bDfq2q2Nq2 ; ð12Þ
where Na denotes the number and ra ¼ Na/V the number
density of the various species in the volume V of the system.
Here, the subscript g refers to the free cargo molecules, sub-
script p refers to the free protein subunits, and a ¼ q1, q2 re-
fers to the two different T structures in the solution. Without
loss of generality, we presume that q1 is always smaller than
q2. Therefore, the index 1 represents the smaller of the two T
numbers considered. The quantity u is an interaction volume
that we presume to be approximately the size of the solvent
molecules. This makes the product of the number density and
interaction volume to a good approximation equal to a mole
fraction, xa h rau. Notice that since the solution is dilute,
we assume that xa << 1 for all species.
The quantity Dfqi ¼ fqi þ fni%0 is the effective binding
free energy of a single subunit part of a capsid of species
i ¼ 1, 2, which includes the contributions of the protein-pro-
tein interactions, fqi , and the genome-protein interactions, fni .
The binding free energy Dfqi is an averaged quantity over all
qi subunits of a fully formed capsid, where we recall that in
icosahedral capsids the coat proteins do not have identical
but quasiequivalent local environments (6). Depending on
the genome size and overall charge, the solution conditions
such as pH and ionic strength and the type of virus coat pro-
tein, Dfq1 can be smaller or bigger than Dfq2 :
The equilibrium distribution of proteins over the assem-
bled and disassembled states follows by minimization of
the free energy subject to the conservation of the mass of
protein subunits (53). Let the overall mole fraction of pro-
tein subunits be Xp. We then have to demand that
Xp ¼ xp þ q1xq1 þ q2xq2 . If Xg is the overall genome concen-
tration in mole fraction units, and n1 and n2 are the number of
genome molecules in the i¼ 1 and 2 structures, respectively,
we have Xg ¼ xg þ n1xq1 þ n2xq2 . To keep our presentation
simple, we assume that n1 and n2 are given quantities.
They can represent either the optimal number of encapsu-
lated cargo molecules in each type of capsid as calculated
in the previous section, or kinetically determined ones.
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xq1 ¼ xn1g xq1p ebq1Dfq1 ; (13)
xq2 ¼ xn2g xq2p ebq2Dfq2 ; (14)
where we for convenience have expressed number densities
in terms of mole fractions. Equations 13 and 14 establish the
relation between the equilibrium concentrations of the vi-
ruses with two different T numbers. The phase diagram im-
plicit in these two coupled mass action equations is quite
complex and depends on many variables indeed. We shall
be focusing below on those regimes relevant to the condi-
tions of recent experiments of Sikkema et al. (33) and Ren
et al. (42), and also the experiments of Bancroft (7) and Ver-
duin and Bancroft (12) that were performed more than half
a century ago (7,12).
To evaluate the effective binding free energy of a single
protein subunit, Dfqi , for the capsids with the two T numbers
corresponding to i ¼ 1, 2, it is necessary to obtain the pro-
tein-protein interaction free energies fqi and the cargo-protein
interaction free energy fni . The latter can be estimated using
the prescription of the previous section, although there is of
course the issue of the unknown numerical constants.
Ultimately, the unknown parameters could be obtained by
a systematic comparison of in vitro assembly studies and
the theories similar to the one presented in this article. As
for the protein-protein interaction energies, Monte Carlo
simulations of coarse-grained models do provide some in-
sight in the energy gain of coat protein in icosahedral and
nonicosahedral structures (14,22).
In what follows, we first analyze some relevant conse-
quences of the coupled mass action equations, and next dis-
cuss the separate cases of high and low molecular weight
polymers (12,30,33).
Mass action, assembly, and size competition
Mass action acts on the distribution of protein molecules
over the two species as well as on the distribution over as-
sembled and disassembled states of the proteins. Let us deal
with the latter problem first. For this purpose it is useful to
suppress one of the capsid sizes, say species 2, by setting
the effective binding free energy of a single protein subunit
in the species 2 Dfq2/N. For simplicity we also fix n1 ¼ 1,
so only one cargo molecule is encapsulated by the coat
protein. The highly nonlinear mass action equation that
results can be solved explicitly for different ranges of the
stoichiometric ratio r h q1Xg/Xp (with Xg the overall
genome and Xp the overall protein concentrations). It turns
out practical to introduce two new variables, being the
fraction of proteins in capsids, hh q1xq1=Xp, and the frac-
tion of bound genome molecules, 2h xq1=Xg ¼ h=r. Three
regimes emerge:
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we find that 0%h%r  1, and
h ¼ r2  r
 Xp
X1;
q1
1 þ

Xp
X1;
q1 ; (15)
with X1;h exp bDfq1  1 a critical concentration of
protein molecules. Because the total number of protein
subunits in the species 1, q1 >> 1, the transition from
the unassembled to assembled state is very sharp indeed,
and may be approximated by h ¼ 0 and 2 ¼ 0 for Xp <
X1,*, and h ¼ r and 2 ¼ 1 for Xp > X1,*. So, beyond the
critical protein concentration X1,* almost all of the ge-
nome is encapsulated.
2. Under conditions of perfect stoichiometry of r ¼ 1, we
obtain
h ¼ 2  1  X1;
Xp
(16)
for Xp > X1,* and h ¼ 2 ~ 0 for Xp < X1,*. Again, we have
used the fact that q1 >> 1 to find a sharp transition
between assembled and disassembled states, albeit that
now the fraction of genome encapsulated rises much
more slowly with increasing protein concentration.
Exactly the same behavior is found in models for the
self-assembly of empty capsids (17,49,50).
3. In the presence of large quantities of genome, so r >> 1,
the critical concentration is renormalized by the presence
of the genome. In the limit q1 >> 1, we have
h ¼ r2  1  r
1=q1X1;
Xp
 1  q
1=q1
1 X
1=q1
g X1;
Xp
; (17)
if Xp > r
1=q1X1;. For Xp < r1=q1X1;, we have h ¼ r2 ~
0. Because q1 >> 1, the renormalized critical concentra-
tion q
1=q1
1 X
1=q1
g X1; X1;ð1q11 lnXgq11 ln q1þ/Þ
depends only very weakly on the concentration of ge-
nome. Notice that because of the large stoichiometric ratio
and 2 ¼ h/r < 1/r << 1, only a small fraction of genome
finds itself encapsulated.
To investigate whether or not mass action can change the
preference from one T number to another, let us no longer
presume that the effective binding free energy of a single pro-
tein subunit in the species 2 is Dfq2/N but, instead, demand
that Dfq2 ¼ Dfq1 , allowing for a more manageable analysis. If
we in addition for simplicity presume that n1 ¼ n2, we
deduce from Eqs. 13 and 14 that the mole fraction of species
1 to 2 is xq1=xq2 ¼ xq1q2p exp½ðq1  q2ÞbDfq1 . Obviously,
the smaller capsids should be the dominant species if the den-
sity of free protein in solution obeys xp < exp½bDfq1 , and the
larger ones predominate if xp > exp½bDfq1 . The situation
turns out a little bit more complex because the concentration
of genome modifies this initial conclusion.
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tein in capsids reads hhðq1xq1 þ q2xq2Þ=Xp while the rela-
tive prevalence of proteins in species 2 to species 1 capsids
is indicated by the variable xhq2xq2=q1xq1 . From the ratio
of Eqs. 14 and 13 we then find that
h ¼ 1  x1=ðq2q1Þ

q2
q1
1=ðq2q1ÞX
Xp
; (18)
while Eq. 13 reduces to
h ¼ q1

q1
q2
q1=ðq2q1Þ
xq1=ðq2q1Þ


q2
q1
rð1 þ xÞ 

q2
q1
þ x

h
	
; ð19Þ
where, as before, r ¼ q1Xg/Xp and Xh exp bDfq1 :
The last expression can be simplified considerably. Ac-
cording to Eq. 18, there is an appreciable number of capsids
in the solution only if Xp >> X*. In that case, h/ 1, which
allows the reduction of Eq. 19 to
x  q2
q
q2=q1
1

Xp
q2Xg
ðq2q1Þ=q1
(20)
in the limit r >> 1.
We conclude that the relative concentration of species
2 capsids grows with increasing ratio of the overall protein
to genome concentrations, Xp/Xg, and as a result, the smaller
the quantity Xg, the more strongly the larger species is pre-
ferred, and vice versa. This is in agreement with experimen-
tal observation (33). Even if Dfq2sDfq1 , this effect survives,
as we shall show next. We shall also see that this conclusion
is not restricted to the case n1 ¼ n2 ¼ 1.
Long versus short genome
As already mentioned, in their experiments, Bancroft (7) and
Bancroft et al. (9) mixed coat proteins of CCMV with TMV
RNA, which consists of ~6000 nucleotides. Because TMV
RNA is more than twice as long as the RNAs 1 and 2 of
CCMV, one expects that considerably larger capsids form.
However, the experiments also show that in addition to ge-
nome size, the ratio of coat protein to genome concentration
plays an important role in determining the size of the capsids.
The size of a CCMV capsid that encapsulates the large TMV
RNA can change from a T ¼ 4 or T ¼ 7 structure to a T ¼ 3
structure (the native structure of the coat protein) if the ratio
of protein to genome concentration is sufficiently small.
To investigate in more detail the impact of the stoichio-
metric ratio of the protein and genome concentrations on
the capsid size and structure, we need to carefully examine
the mass action equations, Eqs. 13 and 14, for the two
competing sizes 1 and 2. Because the TMV genome is
~6000 nucleotides long, we plausibly presume that only
one genome molecule is encapsidated by each capsid type,and set n1 ¼ n2 ¼ 1. (We relax this assumption below.)
This scenario would also apply to the experiments of
Hu et al. on the encapsulation of high-molecular weight
poly(styrene sulfonate) by CCMV coat proteins (30).
Now, if the genome concentration increases at a fixed pro-
tein concentration, more capsids potentially form and hence
more genome can be encapsulated if the capsids become
smaller. Arguably, the loss in the free energy of binding
should then be compensated for by an increase in transla-
tional entropy. Equations 13 and 14 support this scenario
as is shown in Fig. 3. To produce this figure, we set the
values of the aggregation numbers q1 and q2 equal to the
number of capsomers in the T ¼ 4 and T ¼ 7 capsids, and
also assumed that the genome-coat protein interaction pre-
fers a T ¼ 7 structure over that of T ¼ 4. Therefore, we set
the binding free energy per single protein subunit in species
2, Dfq2 , slightly more negative than the one in species 1, Dfq1 .
Because the quantities Dfq2 and Dfq1 have not been assessed
exactly in any experiments, and the energy landscape is too
large to be completely explored numerically, the values of
Dfq2 and Dfq1 used for the figures are only chosen to show
the proof of principle. The figure illustrates that for a given
choice of parameters and for a fixed protein concentration,
the dominant structure changes from a T¼ 4 to a T¼ 7 struc-
ture if the concentration of cargo molecules is decreased,
consistent with the TMV RNA encapsidation experiments
by CCMV coat proteins (9,12).
According to the figure, for a fixed concentration of pro-
tein, T ¼ 7 structures prevail at low RNA concentrations
as in fact is expected from the analysis of the preceding sub-
section. However, as the concentration of genome increases,
the T ¼ 4 structures become the increasingly dominant spe-
cies. So, even if for a specific genome length T¼ 7 structures
are energetically more favorable than the structures of T¼ 4,
the number of the free coat proteins in solution can be so low
that T ¼ 4 structures become entropically more favorable
FIGURE 3 Plotted is the scaled fraction of capsids xq/Xp versus the mole
fraction of genome, Xg. The concentration of T ¼ 4 structures (solid curve)
increases while that of the T ¼ 7 ones (dashed curve) decreases as the con-
centration of genome, Xg, increases. To calculate the curves, we set q1 ¼ 42,
q2 ¼ 72, eq1 ¼ 3 kBT, and eq2 ¼ 3.075 kBT. The mole fraction of capsid
proteins was fixed at Xp ¼ 0.054.
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show that in the opposite case where the length of the ge-
nome prefers a T ¼ 4 structure, T ¼ 7 structures will never-
theless form if the genome concentration is low and the pro-
tein concentration is high. These results follow the
experimental observations referred to above (12).
Next, we investigate the role of stoichiometric conditions
on capsid size relevant to more recent experiments on mix-
tures of the coat protein of CCMV and of low-molecular
weight PSS (33). Similar to the experiments on the encapsu-
lation of large RNAs, a change in capsid size was observed
with varying stoichiometric ratio of the polyelectrolyte and
coat protein concentrations. At small stoichiometric ratios
of 0.4 or 4, two types of particles form that were attributed
to T ¼ 1 and T ¼ 3 icosahedral structures. However, upon
increasing the stoichiometric ratio to 40 and 400, only T ¼ 1
particles form. Higher stoichiometric ratios than 400 inhibit
particle formation altogether, an observation attributed to
polyelectrolyte effects (33).
In the experiments of Sikkema et al. (33), the length of the
chain is so small that more than one chain can be encapsi-
dated in each capsid, so the result of previous section on
the correlation between capsid size and genome length can-
not be applied here. Under physiological conditions, the
Coulomb interactions are largely (but not completely)
screened, so we expect from the theory of the previous sec-
tion that the optimal number of polymers in each capsid is
related to the number of charges on the inner capsid wall.
We expect the number of positive charges on amino acid res-
idues in the capsid inner surface to be proportional to the
number of negative charges on the segments of encapsidated
PSS. (Note that Belyi and Muthukumar (2) and van der
Schoot and Bruinsma (19) predict complete or almost com-
plete charge inversion to occur, which would explain why
CCMV particles are negatively charged (8).) Hence, we con-
sider only the case in which the number of anionic polymers
in a T¼ 3 capsid is larger than in a T¼ 1 capsid, i.e., n1 < n2.
Because the native CCMV capsid is a T ¼ 3 structure, it is
reasonable to assume that the energy per protein subunit of
a T ¼ 3 particle is lower than that of a T ¼ 1 particle. How-
ever, Fig. 4 clearly shows that for a fixed coat protein
concentration, the molar concentration of T ¼ 1 particles in-
creases much faster than that of T ¼ 3 particles with increas-
ing polyelectrolyte concentration. Once again we observe the
effect of entropy on capsid assembly: the structures with
smaller T numbers prevail while larger T number structures
are energetically more favorable. A direct comparison of
the results presented in this article and the relevant experi-
ments will provide valuable information about the viral
protein binding energies.
CONCLUSION
In conclusion, we explored the physical principles underlying
the remarkable fact that CCMV protein subunits assemble
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sight in the contribution of the genome length to the free en-
ergy of formation of a virus, we used a simple Flory model
that captures the essential ingredients of genome-capsid inter-
action. These ingredients are the electrostatic attraction be-
tween the polyelectrolyte and the surface, and the increased
self-repulsion and the elastic entropy loss of the encapsulated
genome upon adsorption onto the capsid wall. Although sim-
ple, our model rationalizes many observations on the size se-
lection of viruses both in terms of the length of genome and its
structure and can be experimentally tested. We note that the
focus of this article is on the aspects of virus assembly that
are common among many viruses. Viruses in which particular
interactions such as sequence-specific interactions play im-
portant role in their assembly are subject to another study.
We show that there is a correlation between the optimal ra-
dius of a capsid and the length of its encapsidated genome. In
principle, longer genomes require larger capsids if the coat
proteins do not exhibit a preference for a particular radius of
curvature. Long genomes can be encapsulated by a small cap-
sid, if the radius of gyration of genome (which, in turn, de-
pends on the RNA secondary and tertiary structures and its
charge density), allows for it. This might explain why the
RNA of turnip yellow mosaic virus TYMV, although
~6000 nucleotides long, and that of CCMV at ~3000 nucleo-
tides, are both encapsulated in a shell of ~30 nm. Experiments
also reveal that the ratio of protein/genome concentration can
modify this conclusion (7,33). This is due to entropy effects
not yet considered in the literature.
While the level of branching of the genome does not seem
to have a large effect on the optimal number of monomers
encapsulated if the capsid size is largely fixed by the proper-
ties of the coat proteins, the level of branching of genome
does seem to have a significant impact on the free energy
of encapsulation and hence on the critical encapsulation
FIGURE 4 The scaled fraction of capsids versus the mole fraction of ge-
nome. The concentration of T¼ 1 structures (solid line) increases faster than
that of T¼ 3 (dashed curve) ones as the concentration of RNA increases. For
the T ¼ 1 structures, q1 ¼ 12 and eq1 ¼ 2 kBT. For the T ¼ 3 structures,
q2 ¼ 32 and eq2 ¼ 2.37 kBT. The number of encapsulated chains for the
two T numbers was set to g1 ¼ 1 and g2 ¼ 2. The protein concentration
was kept constant at Xp ¼ 0.05.
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der has such a considerable effect on the encapsidation of
RNA: it shifts the critical concentration as it depends expo-
nentially on this free energy.
We have shown that while electrostatic interactions drive
viral self-assembly around the genome, other factors such as
the conformations of the genome and/or the entropic factor
associated with mass action must be at least as important
in determining the final size of the capsid. Hence, a descrip-
tion that only involves the length of the genome and/or the
number of charges on the RNA binding domain cannot ex-
plain many viral experiments (2,19).
A quantitative comparison between experiments and
the theory presented in this article will result in a better
knowledge of the protein-protein and the protein-genome
interactions. These quantities could be obtained by a set of
systematic in vitro studies of virus assembly, along the lines
of the work of Ceres and Zlotnick on hepatitis B virus
capsids (54). A comprehensive investigation of the phys-
ico-chemical parameters that impact capsid formation could
have great potential in the development of antiviral therapies
and a systematic treatment of viral infection.
APPENDIX
A simple scaling estimate of the free energy cost FN(R, D) of putting an ideal
chain of arbitrary connectivity in a spherical annulus of radius R and width D
is easily derived. Starting point is the free energy cost of putting a chain of N
segments and fractal dimension d in a spherical confinement much smaller
than its unperturbed radius of gyration. The number of segments between
two collisions must be equal to gz (R/a)d, so the free energy of confinement
scales as the number of collisions times the thermal energy, FN(R, 0)z kBT
N/gz kBTNa
d/Rd. The number blobs Ng of size D
3 in the annulus is given by
Ngz R
2D/D3¼ R2/D2 and the number of segments g in each blob is given by
N/Ng. Hence, the free energy of confinement must be equal to the number of
blobs times the free energy of confinement of each blob, FN(R,D) z
NgFNg (D,0) z kBT Na
d/Dd. For linear chains d ¼ 2, and for randomly
branched ones, d ¼ 4. For d ¼ 2 we retrieve the scaling relation obtained
in the explicit ground-state calculation of Yaman et al. (41).
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